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I. Introduction

T HE purpose of this Note is to concisely discuss the analytical
aspects of a number of methods for obtaining initial Lagrange

multipliers for the shooting method. Because the ultimate goal is to
use the shooting method, the partial derivatives of the state equation
with respect to the time, the state, and the control are available and
can be used to enhance the performance of these methods. The
methods considered are parameterizing the control within the
shooting method, direct shooting, collocation (direct transcription),
pseudospectral method, dynamic programming, and adjoint-control
transformation. The intent is to discuss each of these methods briefly
to present their important features.

A standard optimal control problem without path constraints is
stated, as are the corresponding optimality conditions. Next, a brief
derivation of the shooting method is presented to show what
informationwould be available for initial multiplier prediction and to
show how to parameterize the control within the shooting method.
Then the other methods are discussed briefly.

II. Optimal Control Problem/Optimality Conditions

The optimal control problem considered here is finding the control
history u�t� that minimizes the performance index

J� ��tf; xf� (1)

subject to the differential constraints

_x� f�t; x; u� (2)

and the prescribed boundary conditions

t0 � 0; x0 � x0s ;  �tf; xf� � 0 (3)

where u, x, and  arem � 1, n � 1, and p � 1. This is a well-known
problem, and the details can be found in [1].

For the discussion that follows, it is convenient to normalize the
final time as � � t=tf, which makes tf a parameter. The optimal
control problem becomes the following:

J� ��xf; tf�; x0 � tff�tf�; x; u��
�
g��; x; u; tf�

�0 � 0; x0 � x0s ; �f � 1;  �xf; tf� � 0 (4)

where the prime denotes a derivative with respect to �. This is now a
fixed-final-time problem.

Next, the final time can be made a state y�� tf by including the
differential constraint y0 � 0. The optimal control problem becomes

J� ��xf; yf� x0 � g��; x; y; u�; y0 � 0

�0 � 0; x0 � x0s ; �f � 1;  �xf; yf� � 0 (5)

This is now a free-initial-condition problem because y0 is free.
The constraints are adjoined to the performance index by

multipliers ����, ����, and � to form the augmented performance
index:

J0 �G�xf; yf; �� �
Z
tf

t0

�H��; x; y; u; �� � �Tx0 � �Ty0� dt (6)

where, because y0 � 0,

G� �� �T ; H � �Tg (7)

The optimality conditions for this problem are given by

x0 � g; y0 � 0; �0 ��HT
x ; �0 ��HT

y ; HT
u � 0

�0� 0; x0� x0s ; �0��GTy0 � 0

�f � 1;  � 0; �f �GTxf ; �f �GTyf (8)

Note that y� tf is a scalar in the stated problem, but it is treated as an
r � 1 vector of parameter states for later use.

III. Shooting Method

It is assumed that HT
u � 0 can be solved for the control as u�

u��; x; y; �� so that the following two-point boundary-value problem
(TPBVP) can be formed:

z0 �F��; z�; �0� 0; x0� x0s ; �0� 0; h�zf�� 0

(9)

where

z�

x
y
�
�

2
664

3
775; F�

g��; x; y; u��; x; y; ��; ��
0

�HT
x ��; x; y; u��; x; y; ��; ��

�HT
y ��; x; y; u��; x; y; ��; ��

2
664

3
775 (10)

The dimension of z is �n� r� n� r� � 1, and the dimension of h is
�n� r� � 1. The latter is obtained by eliminating the pmultipliers �
from the p� n� r final conditions ( � 0, �f �GTxf , and

�f �GTyf ).
For given values of y0 and �0, the differential equation can be

integrated to obtain zf, for whichh� 0 is not satisfied.Next, Eqs. (9)
are linearized about the nominal path to find the changes �y0 and ��0
that drive khk toward zero.

Presented as Paper 117 at the 18th AAS/AIAA Space Flight Mechanics
Meeting, Galveston, TX, 27–31 January 2008; received 5 March 2008;
revision received 20 May 2008; accepted for publication 21 May 2008.
Copyright © 2008 by David G. Hull. Published by the American Institute of
Aeronautics andAstronautics, Inc., with permission. Copies of this papermay
be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0731-5090/08 $10.00 in
correspondence with the CCC.

∗M. J. Thompson Regents Professor, Department of Aerospace
Engineering and Engineering Mechanics.

JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 31, No. 5, September–October 2008

1490

http://dx.doi.org/10.2514/1.37422


The linearized z equation is given by

d��z�
d�
� Fz�z (11)

because �x0 and ��0 are zero, the solution of Eq. (11) is given by

�z����; �0�
�y0
��0

� �
(12)

where � is the �2n� 2r� � �r� n� transition matrix satisfying the
equations

�0 � Fz�; �0 �

0n�r 0n�n
Ir�r 0r�n
0n�r In�n
0r�r 0r�n

2
664

3
775 (13)

Hence,

�zf ��f
�y0
��0

� �
(14)

The linearized final condition is given by

hzf �zf ���h (15)

where � is a parameter that controls the reduction in k h k on each
iteration. This equation can be rewritten as

hzf�f
�y0
��0

� �
���h (16)

which is solved as a linear system for �y0 and ��0.
A problem with the shooting method is that good values are

needed for y0 and �0 to make it work; recall that y0 � tf. The rest of
this Note is concerned with getting values of y0 and �0 using
suboptimal control methods. Conversion of optimal control
problems into suboptimal control problems is discussed in [2].

IV. Shooting Method for Piecewise-Linear Controls

The general idea is to replace the control u��� in the shooting
method by a piecewise-linear control: that is, N control nodes
u1; . . . ; uN at fixed points �1; . . . ; �N plus linear interpolation [3]. In
terms of the r � 1 vector,

y�� �tf; u1; . . . ; uN �T (17)

Equations (5) become

J� ��xf; y1f � x0 � g��; x; y�; y0 � 0

�0 � 0; x0 � x0s ; �f � 1;  �xf; y1f � � 0 (18)

Then, in terms of the functions

G� ��xf; y1f � � �T �xf; y1f �; H � �Tg��; x; y� (19)

the optimality conditions (8) become

x0 � g; y0 � 0; �0 � �HT
x ; �0 � �HT

y

�0 � 0; x0 � x0s ; �0 ��GTy0 � 0

�f � 1;  � 0; �f �GTxf ; �f �GTyf (20)

These equations lead to the following TPBVP:

z0 �F��; z�; �0� 0; x0� x0s; �0� 0; h�zf�� 0

(21)

where

z�

x
y
�
�

2
664

3
775; F�

g��; x; y�
0

�HT
x ��; x; y; ��

�HT
y ��; x; y; ��

2
664

3
775 (22)

Note that the state equation no longer depends on �, and so the
sensitivity of the TPBVP to �0 completely disappears! The
remaining discussion of the TPBVP is identical with that associated
with Eqs. (11–16). Upon convergence, the resulting y1 and �0 can be
used to start the regular shooting method.

V. Direct Shooting

The optimal control problem in Eq. (4) is converted into a
parameter optimization problemby replacing the control historyu���
by a piecewise-linear control: that is, a set of control nodes
u1; . . . ; uN (parameters) at the fixed points �1; . . . ; �N . Linear
interpolation is used to form the function u���. For given values of
the r� 1� N parameters y� �tf; u1; . . . ; uN �T , the state equation is
solved by explicit Runge–Kutta integration to obtain xf � xf�y�.
Finally, xf is eliminated from � and  to form the parameter
optimization problem of finding the parameters y that minimize the
performance index

J� ���y� (23)

subject to the equality constraints

� �y� � 0 (24)

There are many nonlinear programming codes available for solving
this problem; most are based on sequential quadratic programming.

The converged values of the Lagrange multipliers associated with

the constraints � are the � values of the optimal control problem.
Then, with the converged values of tf and xf, the final value of the
multiplier � becomes [1]

�f �GTxf �tf; xf; �� (25)

Finally, with the optimal piecewise-linear control, the differential
equations [1]

_x� f�t; x; u�; _���HT
x �t; x; u; �� (26)

are integrated backward in time to obtain �0. If the shooting method
does not convergewith this tf and�0, more control nodes can be used
and the process can be repeated.

To use a nonlinear programming code, it is necessary to have the

derivatives of �� and � in Eqs. (23) and (24) with respect to y. A usual
procedure is to use finite differences, which requires many
integrations of the system equations. Because the intent is to use the
shootingmethod, the need for deriving the derivativeFz provides the
derivatives gx, gu, and gtf . Hence, it is possible to compute the

derivatives more accurately by integrating differential equations for
transition matrices.

VI. Collocation (Direct Transcription)

For this method of solving the optimal control problem in Eq. (4),
controls and states are guessed at the nodes, which now represent
integration steps. Then, implicit Runge–Kutta integration is used to
define the integration formula for each step; for example, for the
second-order trapezoid rule,

xk�1 � xk � �h=2��g��k; xk; uk; tf� � g��k�1; xk�1; uk�1; tf�� (27)

Because the x values are guessed, Eq. (27) is not satisfied. It is forced
to be satisfied by defining the residual for each step to be

Rk � xk�1 � xk � �h=2��g��k; xk; uk; tf� � g��k�1; xk�1; uk�1; tf��
(28)
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and imposing all of the residuals as constraints in the parameter
optimization problem.

The parameter optimization problem is to find tf, u1; . . . ; uN , and
x2; . . . ; xN , which minimize the performance index

J� ��xN; tf� (29)

subject to the constraints

 �xN; tf� � 0

R1�u1; u2; x1; x2; tf� � 0

..

.

RN�1�uN�1; uN; xN�1; xN; tf� � 0 (30)

With this method, the optimization and integration are performed
simultaneously.

It has been shown [4] that the multipliers associated with the
residualsRk are local values of���t� of the optimal control problem.
Hence, the multiplier of R1 is approximately ��0. If the initial
conditions on the states had been adjoined to the performance index
with multipliers �, the endpoint function and �0 would have been

G� �� �T � �T�x0 � x0s�; �0 ��GTx0 ��� (31)

Because the ultimate goal is to use the shooting method, the
derivatives gx, gu, and gtf are available. Hence, the derivatives

needed for using a nonlinear programming code can be calculated
analytically.

VII. Pseudospectral Method

One example of this method is the Legendre pseudospectral
method [5]. Here, a fixed number of Legendre–Gauss–Lobatto
(LGL) points is placed at �1; . . . ; �N over the interval of integration �0
and �f, and alongwith tf , values for xk and uk are guessed at the LGL
points. Next, after using Lagrange interpolation on the state nodes,
the differential equations x0 � g��; x; u; tf� are required to be
satisfied at the LGL points. The resulting conditions are imposed as
constraints in the parameter optimization problem. The Lagrange
multiplier �0 is proportional to the multiplier of x0 � g at the initial
point.

VIII. Method Based on Dynamic Programming

It is known from dynamic programming that [6]

�T0 �
@Jopt

@x0
(32)

An approximatemethod for obtaining�0 is to select a value for x0 and
to use, for example, direct shooting to obtain Jopt. Then one element
of x0 is perturbed and a new value of Jopt is obtained. Finally, �0 is
calculated as

�k0 �
�Jopt

�xk0
(33)

A complete discussion of this method for the general optimal
control problem is presented in [7].

IX. Adjoint-Control Transformation

The adjoint-control transformation is simply the solution of the
optimality conditions for �0 in terms of physical quantities for which
the values can be guessed [8]. For example, consider the launch of a
rocket over a flat moon with no condition imposed on the final
downrange. The steering angle for minimum final time satisfies the
relation

tan 	�� �2
�3
t� C

�3
(34)

where �2, �3, and C are three constants to be determined. From this
relation, it is seen that

C

�3
� �tan 	�t�0; � �2

�3
�
�
d�tan 	�

dt

�
t�0

(35)

Hence, it is possible to relate �2=C and �3=C to the steering angle
tan 	 and its derivative at t� 0. Reasonable guesses can be made for
these quantities. A third equation comes from Hf ��1.

X. Conclusions

An often-used numerical method for solving optimal control
problems is the shooting method. However, to make it work, a good
guess is needed for the initial Lagrange multipliers. This Note
concisely summarizes many of the available options. A standard
optimal control problem without control bounds and its optimality
conditions have been stated. Following a brief derivation of the
shooting method, several methods for obtaining initial Lagrange
multipliers have been discussed: parameterization of the control
within the shooting method, direct shooting, collocation,
pseudospectral method, dynamic programming, and adjoint-control
transformation. Because the intent has been to use the shooting
method, gradient information (which is not usually available for
direct methods) can be used to improve direct shooting and
collocation.
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